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Abstract—Quantum computing is a promising area to tackle
optimization problems. Several algorithms are derived from this
paradigm. One interesting method is called Quantum Approxi-
mate Optimization Algorithm (QAOA) where the goal is to solve
a Quadratic Unconstrained Binary Optimization. This method
is heuristic in practice but can converge on an optimal solution
with enough time and a computer with enough resources. In
this paper, we focus on the unsplittable multi-commodity flow
problem and we propose a dedicated algorithm using QAOA
as a sub-routine. Thanks to well-known methods, cutting plane,
column generation, and Lagrangian relaxation, we propose a
framework to solve this problem based on QAOA. Keywords:
QAOA, Lagrangian relaxation, Columns Generation, Cutting Plane

I. INTRODUCTION

Quantum computing has had a fast theoretical development
since its born in the 80s. This new type of computing allows
us to give algorithms that can solve efficiently difficult
well-known problems such as factorizing. However, quantum
computing hardware development has been a much more hard
task and there is no expectation about being able to execute
algorithms such as Shor’s factorization algorithm [1] for real-
world problems in the near or middle term [2f]. Nevertheless,
in recent years there has been a great development of hybrid
quantum-classical variational algorithms, designed to solve
combinatorial optimization problems, which are much more
suitable to be executed on short-term quantum devices.

One of the most promising variational algorithms is the
so-called Quantum Approximate Optimization Algorithm
(QAOA), proposed in [3]]. It is a hybrid quantum-classical
algorithm. The quantum part consists of a parameterized
quantum circuit that returns solutions to the Quadratic
Unconstrained Binary Optimization (QUBO) problems. A
QUBO problem with n variables is given by

min fz+27Cx, CeR™" ceR".

ze{0,1}"
The algorithm uses the solutions returned by the quantum
circuit to compute the expected value of the objective
function and with some classical methods the parameters are
updated until some stop condition is achieved. One of the
main features of this algorithm is that it allows us to control
the number of parameters and the depth of the circuits. In
addition, the quality of the solution is increased according to
the circuit depth, achieving optimality in the limit. All these

features make QAOA one of the most suitable algorithms to
be executed on near-term noisy quantum hardware. Despite
its potential for a quantum advantage over the best classical
solvers, such as CPLEX, it must be explored empirically.
QAOA has shown good performance on problems that can
be formulated as a QUBO problem or with few constraints,
such as Maximum Cut problem [3]. However, combinatorial
optimization problems are not usually given as QUBOs.
The most common way of giving such problems is Binary
Linear Programming (BiLP). A common way of mapping
a BiLP to a QUBO consists of adding the constraints to
the objective function as a quadratic term with a penalty.
However, when this method is applied, QAOA does not have
such a good performance on problems where there are hard
constraints that must be satisfied, such as flow problems.
It usually happens that the final solution for the QUBO
problem given by QAOA is not a feasible solution. In order
to avoid this issue there are several proposals for changing
the parameterization circuit of QAOA [4], [3].

In this paper, we focus on the unsplittable multi-commodity
flow problem (UMCFP). This problem consists of finding,
for a set of commodities, one path for each commodity such
that the capacity constraints are respected. The UMCFP has
many applications in telecommunication networks [[10] and is
a basic version of several variants. This problem is NP-Hard
and two mathematical models are traditionally used to solve
the problem, the first one is the compact model with arc
variables and the second one is the extended model with
path variables [11]. The compact has too many constraints
and variables and the automatic transformation into a QUBO
is not relevant. In the following, we focus on the extended
model to transform it into a QUBO model. The main goal of
this paper is to provide a good design framework to tackle
the UMCFP by solving successively small QUBO problems
to converge on a good feasible solution. In the next section,
a state-of-the-art is given on QAOA method and integer
model to solve the UMCFP. Section [l is dedicated to the
presentation of our method to solve the UMCFP problem.
In section some results are provided to evaluate the
performances of the different improvements proposed in
Section In the last section, we conclude and give some
perspectives.



II. STATE OF THE ART
A. The Quantum Approximate Optimization Algorithm

We start giving a brief description of QAOA, more details
can be found on [3]]. Let’s consider a QUBO problem given
by,
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It can be mapped easily to the problem of finding the ground
state of an Ising Hamiltonian H, i.e.
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where |¢) € (C2)®n and H € C?"*?" is an Hermitian
matrix that is built with @ and ¢. The approach of QAOA for
solving the problem (I) consists of parameterizing the vector
|t)) with a quantum computer and making a search for the
parameters which minimize the objective function using some
iterative classical method. First, we choose a number p € N
and a vector of initial parameters # € R??. The number p is
usually called the depth because it controls the depth of the
circuit and the number of parameters. The parameterization
is done via a quantum circuit, represented by a matrix that
we can call U(p,6). We use a quantum computer to prepare
the parameterized quantum state |¢(p,0)) = U(p,0)|0).
Measuring several shots of this state we can estimate the
value of the objective function with some statistical methods
[6]. After this, we use the estimation to update the parameters
of 6 with some classical methods. QAOA consists of iterating
this process until some stop conditions are achieved.

If we call v* the optimal value of (I), it was proven
on [3] that,
lim min(y(p, 0)|H|y(p,0)) = v".
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This theoretical result tells us that we can get as close as
we want to the optimal solution if we increase p enough.
Nevertheless, from a practical point of view, if the value of p
is too large, the parameterization won’t be able to run on near-
term quantum computers. Unfortunately, there is not a general
convergence theorem for small values of p, but for specific
problems, such as Maximum-Cut problem, QAOA has shown
good results [3]]. In the following, we will use QAOA as sub-
routine in order to solve the UMCFP. There, we will always
consider QAOA setting the value of p to 1.

B. Unsplittable multi-commodity flow problem

First of all, we consider a network, which is given
by a directed graph G = (V,A), where V and A are
the sets of vertices and arcs respectively, and a set of
commodities K = {k1, ..., k,}. Each commodity is a 4-tuple
ki = (si,ti, b;,1;), where s; € V and t; € V are the source
and destination nodes of k; € K respectively, b; € RT
is the quantity of flow which has to be routed of k; and
r; € Rt is a reward for accepting the commodity k;. In
addition, each arc a € A has a capacity ¢, associated and

a cost w, € R*. The classical compact model consists in
considering one binary variable for each couple commodity
and arc representing the utilization of a link by a commodity
and one binary variable for each commodity representing the
acceptance of the commodity. The model can be found in [9]]
where flow conservation constraints are considered for each
commodity and capacity constraints are associated with each
arc.

Another formulation for the UMCFP, which is widely
used and will be very useful for our purposes because of
its practical properties, is called path formulation where for
each possible path and for each commodity, a path variable
is considered. The variables are defined as follows

ok 1 if the commodity k is routed on path p € Py ,
p 0 otherwise,
_ 1 if the commodity k € K is accepted,
Ye = 0 otherwise,

where for each k € IC, P is the set of paths of the graph from
the source node of the commodity k to its destination node.
The extended model is given by the following model
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The objective (2) minimizes the utilization cost of the
solution and maximizes the acceptance. The inequalities (3)
are the convexity constraints provided by the Dantzig-Wolf
[11] decomposition and give the relations between the
two types of variables. The inequalities (@) are the capacity
constraints ensuring that the capacity of each link is respected.

This model is the most common choice in practice, but,
instead of using all paths, only some paths are considered.
A traditional method to choose the paths is the column
generation algorithm [7]. This method consists of solving,
alternatively, a relaxed problem and a pricing problem in
order to generate paths with good features, iteratively. This
method cannot be applied in our case because QAOA only
returns binary solutions. So, we propose in [[II-D| some
heuristics that can be used to generate good paths.

C. Classical reformulation of BiLP to QUBO (baseline)

The general method usually used in this context has two
steps. The first one consists in adding slack variables to the
inequality constraints in order to get a problem only with
equality constraints, such as,
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The second step consists of adding the constraints to the
objective function as penalized quadratic term, in the following
way,

min e+ M(Az — b)T (Az — b)
s.t. xz €{0,1}",

where M > 0 penalizes the objective function if some
constraints are not satisfied. Remark that, if our problem
is given as a BiLP model with too many constraints, this
mapping does not have a good performance in practice. We
have encountered two main issues.

1) On the one hand, if our problem has hard constraints
and we add all of them as it is done on the local
optimal solution returned by QAOA for the QUBO may
violate some constraints. It is quite frequent that in this
case, QAOA outputs unfeasible solutions.

2) On the other hand, the mapping method described in
needs to add several slack variables to the model
for each inequality constraint. It usually makes that,
even for small instances, the QUBOs associated with
the problems have too many variables to execute the
QAOA on a simulator. In addition, the memory of actual
quantum devices is very low, so it is also a problem for
the execution of QAOA in near-term quantum devices

In order to avoid these issues, we propose in the next section
a framework with different tools which allow us to solve
UMCEFP instances using QAOA as a subroutine.

III. ANOTHER MAPPING QAOA FOR UMFP

In this section, we provide some tricks to use QAOA in a
sub-routine and reduce the size of the QAOA model. We also
describe the whole framework to solve the UMFP.

A. Quadratic reformulation of convex function

In this section, we propose a reformulation of the path
formulation to reduce the number of constraints. This refor-
mulation adds quadratic variables which is a bad idea for the
traditional solver but interesting for the QUBO reformulation.
The convexity constraints can be replaced by a quadratic
formula in the objective function. Indeed, we can remove the
convexity constraints (3)) and replace the objective function (2))
by

min E E (E wa)x’;
k€K pePy acp
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where M is a penalty coefficient. Indeed, if two paths are
selected for a given commodity then the penalty cost is
activated. We call this model a partial QUBO model where
capacity constraints are still in the model.

B. Lagrangian relaxation

The Lagrangian relaxation consists in moving capacity
constraints in the objective function. In our case, we use
this method to transform the partial QUBO model given by
the previous sub-section in a QUBO. Using the Lagrangian
relaxation it is not necessary to add slack variables like in
the classical reformulation of BiLP to QUBO.

We obtain the following model,

P N
ke pePy, acp

min Z Z
MY D D apey
k€eEK pEPy, p’ € Py:p’ #p
+D A ((Z > bkm’;) - ca> @)
acA keK pePy:acp
s.t. ah €{0,1}. (®)

where M > 0 and A € R|>AO|. We use QAOA to solve (7),

in order to find a feasible solution for (2)-(), and if it is
not we use the solution to update ), increasing the penalty
of violated constraints and decreasing (or eliminating) the
penalty for those constraints which are checked. Based on the
traditional Lagrangian relaxation we use a common practice
for this method, which is making use of a sub-gradient
algorithm to update the value of .

In the literature of sub-gradient algorithms, a common

practice is to use step = %, where 7 is the iteration of the

sub-gradient algorithm. However, in [8], Polyak proposes the

following step-size function which does not depends on the

iteration,

UB-LB
|lgapl|?

where « is a positive real number, UB is the value of the
objective function (2)) of the previous iteration, LB is the best
feasible solution found and gap is the vector

Z Z bkx]; — Cq
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step = «

?

(gap)aca =
acA

In this case, the algorithm starts with LB = 0. Based on some
practical evidence we have chosen this second method for the
simulation.

C. Cutting plane algorithm

Another well-known method in mathematical programming
is the cutting plane algorithm. The goal is to generate a subset
of a family of constraints. Originally this method is used to
dynamically generate a polynomial number of constraints
from a family of constraints with an exponential number of
constraints. In our case, this method generates dynamically
the capacity constraints. As QAOA is able to find an integer
solution then we can use the cutting plane method as a lazy
constraints generator, used to separate only integer solutions
and not fractional solutions.



From an integer solution z* that represents at most one
path by commodity, we check for each link if the capacity
constraints are violated and we add to the model the most
violated capacity constraint following a mapping method, we
have chosen here the method of We stop when some
feasible solution is obtained or when a prefixed maximum
number of iterations is reached.

D. Path generation

The path model presented in the previous section has an
advantage in terms of the number of constraints, but the
number of paths can be too high. In addition, we need to
enumerate all paths if we want to solve the complete model.
A very common classical way to handle this issue consists in
solving a relaxation of (2)-(3)), which consists of changing the
condition (E]) by x’; > 0,0 < yr < 1. This relaxed problem
is solved by the column generation algorithm, it consists
in solving iteratively the main problem, with a selected set
of variables, and a pricing problem. In each iteration those
prices are used to compute the path with the smallest reduced
costs, using a shortest path algorithm, for each commodity.
Those paths correspond to some variables which are added
for the next iteration. This algorithm stops when no path
has a negative reduced cost. The solution given by this
algorithm is not necessarily binary, so it is needed to choose
a rounding procedure in order to obtain a binary solution. A
more detailed description of this algorithm can be found in [7].

Based on this idea, we propose a heuristic method to
iteratively generate paths where a QUBO model is solved at
each iteration to obtain a solution to the restricted problem.
We cannot use a column generation algorithm because
the solution of a QUBO is binary. However, we propose
a heuristic to find new paths using binary solutions. The
proposed method consists of assigning a weight to each arc
on each iteration, based on the solution of the previous one.
With these weights, we compute new paths using a shortest
path algorithm. These new paths are added to the master
problem. As with the classical method, we stop when the
solution does not change after adding new paths.

Let us consider a UMCFP instance with the extended
formulation, i.e. @)-(3), P, C Py a restricted set of paths and
the complete set of paths for each commodity k respectively
and Z a feasible solution for the UMCFP problem over the
graph generated by the paths |J, P,. On each heuristic, we
use this data to compute a weight for each arc.

a) Loads heuristic: The purpose of this heuristic is to
find different paths from the ones we already have. In order
to do so, we use what we have called loads. The load of an
arc a is given by

> D by

ke pEPy:acp

As 7 is a feasible solution ), ;- >° bk:ﬁ’; < ¢g, SO
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We call this value the load proportion of a for the solution
Z. As we want to penalize the arcs that support more load in
relation to their capacity, we assign the following weight for
each arc,

1
Ga = 1—1,(z)+¢’
where ¢ is a positive small value that avoids the division by
0.

b) Loads and costs heuristic: The purpose of this heuris-
tic is again to find new paths but this time we do not penalize
so much relatively that an arc has been used. Again, we
consider the load proportions [,(Z) but this time we use the
cost of each arc. In this way, the weight for each arc a € A
in this heuristic is

. wg“
R T B ¢ e

¢) Lambda heuristic: The purpose of this heuristic is

the same as the previous one, but this heuristic only can be

used if we are solving the subproblems using the method

based on lagrangian relaxation ([II-B). In this case, we use the

lagrangian penalties )\, from (7)) in the last iteration, which we
denote \,(T) as the cost of each arch, i.e.

Qg = Ao (T).

E. Whole framework

In this section, we explain the framework and each step for
our framework to converge to a good feasible solution. First,
we explain how to solve a UMCFP instance when a set of
paths is given. After this, we explain how we can generate
good paths.

1) Framework with a given set of paths : We start with a
set of paths P and a UMCFP instance given as (3)- (3), where
the paths considered are those from P. We start by mapping
this problem to a partial QUBO model as we explained in
Now, the only constraints in our model are capacity
constraints. In order to give a solution for this model, we have
proposed two iterative methods: the cutting method and
the lagrangian method (III-B). So we choose one and apply it
to solve the problem.

2) Framework to generate paths: In order to initialize the
al%orlthm, we need an initial selection of paths. It is done by
solving the shortest-path problem for each commodity using

the cost of the arcs. Let P, be the set of paths for each
commodity at each iteration and let A the set of arcs of
each path of Pj for each commodity. At the first step, for



each commodity, | P;,| = 1 with only the shortest path. Let us
consider the restricted problem,

22 | 2w
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In order to solve this problem we can use now the previous

framework. Thanks to it, we obtain a feasible solution Z. Now,
we have to choose one of the heuristics presented in [[IlI-D]
Then, we use ¥ to compute the cost of each arc according
to the heuristic chosen. With these costs, we compute again
the shortest path for each commodity and we add the new
paths found to the sets Pj. This process is repeated until no
new paths are found and the best feasible solution found is
returned. The heuristic chosen may be changed on each step
conveniently.

IV. RESULTS

In order to test the framework proposed above, we have
used a quantum computing simulator to solve random
instances of UMCFP using the proposed techniques. The
code for these simulations has been written in python using
the IBM library qiskit [[14] and the simulator used has been
the qasm_simulator. We have made this choice because it
also simulates the noise that is typical in actual and near-term
quantum computers.

We have generated two datasets of random UMCFP
instances. The first one has been used to compare the baseline
with both cutting and Lagrangian methods, and the second
one has been used to compare it with the algorithm using
the heuristic to generate paths. As the memory that quantum
computing simulators can simulate is quite low, we have
bounded the number of paths of both datasets. Both datasets
have been generated using the Erdos-Renyi method. In the
following table, we present the common characteristics of the
problems of each dataset. As we explained in the usual

Dataset 1 | Dataset 2
Number of nodes 10 30
Number of commodities 3 6
Minimal number of paths 7 18
Maximum number of paths 10 32

mapping method has two main problems. First, the memory
required to solve a problems is too high because of the
necessity of slack variables and, secondly, the solution given
by QAOA is not usually a feasible solution. Here we make
some comparison between our framework and the baseline
in these aspects. Additionally, we compare the quality of
the solution of our method with the quality obtained by the
classical column generation algorithm.

A. Efficiency of the method compared with the baseline

Here we compare the memory that is needed to simulate
the problems of Dataset 1, using the cutting method, with the
memory that would be needed to solve them with QAOA using

the mapping of

70

I QAOA
[ Cuttting_method

60 1

50

40 1

30 4

Number of instances

204

10

0 . . In,
20 40 60 80 100 120 140
Mumber of qubits required to solve an instance

The unit of memory used is the qubit, a qubit is the minimal
unit of memory in a quantum computer, which is usually
represented by a vector of C2, but in our case, we can think
of the number of qubits needed as the maximum number of
variables of the models that are solved in the iterative process
of It shows that even for small instances of UMCEFP,
like Dataset 1 ones, the classical approach of QAOA would
need an amount of memory that cannot be simulated, the
limit is usually set at 50. However, using the cutting method
we could simulate 883 instances out of 1000 of Dataset 1.
The case of Lagrangian is even better because the number of
variables that are used by this method does not increase with
the iterations. So we could do the simulation in every problem
and we have obtained a feasible solution for every problem of
Dataset 1.

B. Quality of the solution

We want to compare the quality of the solution given by
the classical column generation algorithm and the method to
generate paths explained in In order to use it, we need
to do two choices, we have to choose the method to solve the
problem with a given subset of paths, i.e. we have to choose
if we want to use the Lagrangian method or the Cutting
method and we have to choose which heuristic we use
to generate paths in each iteration.

We have chosen the following criteria to select the heuristic
for each iteration.
1) First, we start using the Loads heuristic until we do not
obtain new paths.
2) Secondly, we use the loads and costs heuristic until we
do not obtain new paths.
The idea behind this choice is that in the first phase, we do
not penalize the cost of the paths, because we only want to



know the existence. In the second phase, we try to find paths
with a small cost. We have not used the lambda heuristic
because we have found empirically that it has much worse
performance than these two heuristics.

We have used the method of with the above criteria
for the heuristics to solve the problems of Dataset 2,
using Lagrangian and Cutting methods. In the case of
the Lagrangian method, we have set @ = 0.05, because
of practical evidence. In addition, we have solved those
problems with the classical column generation method. In
order to compare the quality of a solution x*, which gives
us a value C* of the objective function, we compute the
approximation ratio of this solution, given by

C*

6 )

where C is the optimal value of the objective function of our
problem, which can be computed using CPLEX because of
the small size of the problems.

T =

Cutting | Lagrangian | Column Generation
% of feasible solution 56.6 97.2 100
% of optimal solutions 38.9 89.9 94.2
% of feasible solution r > 0.95 | 72.9 95.2 95.8

As we can see in the table the algorithm has shown a much
better performance when we have chosen the lagrangian
method than when we used the cutting method. It is due
to the necessity of adding slack variables to the model of
the cutting method. If too many paths are generated, the
simulation usually cannot finish if we use the cutting method.

On the other hand, the lagrangian method has shown a
really good performance which is even comparable with the
classical column generation method. It is important to notice
that even using the cutting method is a much better option
than the baseline we are considering because the size of
problems of Dataset 2 is too high to be solved by QAOA
using a simulator and it may be difficult to solve them even
with actual better quantum computers.

V. CONCLUSION AND PERSPECTIVES

In this paper, we present a new framework to solve the
UMCFP using QAOA approach. Although the techniques
presented are specifically oriented to solve the UMCEFP,
some of them, such as considering linear penalties instead of
quadratic ones in order to avoid the use of slack variables,
could be applied to other problems. We show the efficiency of
our method to reduce the size, in qubits, of the mathematical
model in QUBO representation. It makes it possible to study
the performance of QAOA solving UMCEFP instances, which
cannot be done using the baseline because of the size of the
model compared with the capacity of the simulators and the
memory of actual quantum devices.

Furthermore, our approach provides solutions that are
close to the solutions provided by the column generation with
a classical rounding method. In the next step, the goal will be
to merge the methods proposed, the cutting plane method and
the Lagrangian approach, to solve bigger instances. It would
be also interesting to test our framework on real quantum
devices in order to measure its performance.

Another interesting direction is the possibility to adapt
our framework to solve some variants of the UMCFP like
UMCFP with slot allocation problem presented in [12] or
UMCEFP with deterministic properties explain in [13]].
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